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INTRODUCTION

In DME type instrumentation systems, the ranges from several distinct locations
to a common target are measured and recorded. If x(ti), y(ti). and z(ti) are
tne cartesian components of tihe tarcet position at time ti in some reference

coordinate system, and Xyo Yoo 2o a=1, i1 are the Cartesian components of the

measurement sites in tne same reference coordinate system, the range measure-
ments from each site to the target can be modelled as:

R (t5) = {lx(ty)-x )2 + (y(ty)-y )® + (2(t{)-2)%) 1/2 + e (t;) o=1,M (1)

where ea(ti) is an error associated with the measurement of range from the ath
site to the target. The process of estimating the Cartesian positions, x(ti).
y(ti). z(ti) from the measured ranges has often been termed multilateration.
The term, trilateration, is a more common term used to denote the process of
obtaining cartesian positions from three measured ranges. Several methods have
been proposed for multilateration, [1].

These methods include nonlinear least squares and if M > 4, a linear least
squares method.

Tne nonlinear least squares method minimizes the sum of squares

M
1 (Rylty)- Ax(t)-x )2+ (y(t)=y)? + (2(t)-2)? )? (2) |

If M= 4, a linear least squares method can be applied to the multilateration '
probiem. M-1 linear equations are obtained by differencing the squares of the

range measurements. Thus, ‘

R;”(ti)°R;(ti) = ?‘x(t‘i)(xa-xaﬂ) + ZY(t-i)(.YQ'.YaH) + Zz(ti)(za'zun)

(3)

A n s

+ (xa'xa+1)2 + (ya-ya+1)’ + (za-zuﬂ)2




is linear in the Cartesian positions. Rearranging (3) results in the M-1

linear equations.

d, x(ti) + dy y(ti) + dz z(ti) = Pu(ti) i=1, M-1 (4)
a a a
wnere d, » dy , dZ are the direction cosines of the vector between measuring
o} [« a
sites,
d, = XaXa# d, = Yo Yo+ d, = Za7%gh \
X Y - T (5)
¢ ayot] @ a,at] ¢ a,ot]
and Ra,a&1 is the distance between measuring sites -
= / - 2 - 2 - 2
Ra,aﬂ (xa xcx+7) * (‘ya yaﬂ) + (za za+'l) (€

The right hand side of (4) is defined by

2 - Rz(t-) - R2
P (t;) = Reatltid = RUL) =R 4y 4 (x d ¢y d +z d.)
a 1 —_ 2Rg,:+'l 2 o "X, a Y, CRE (7)

The linear least squares method estimates x(ti), y(ti), z(ti) by minimizing

F=1

QE] [Pu(t'i) - (dxa ‘((ti) + d'ya .Y(t-i) + dzu z(ti))lz (2)

For applications where the measuring sites are all ground based and the altitude
of the vehicle being tracked is relatively low, both the linear and nonlinear
least squares methods experience great difficulty in obtaining reliable solutions.
In the nonlinear least squares case this ill-conditioning sometimes results in
the failure of the algorithm to converge or the convergence of the solution to
something other than a strong local minimum. These convergence problems exist
even under the most ideal conditions of no error in the measured ranges. This
report describes a nonlinear least squares algorithm for multilateration which g

will always converge to a strong local minimum. In the ideal case of no measure-

merit error, this algorithm will converge to the true solution provided the
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starting solution is within certain prescribed limits. The application of

this algorithm to the estimation of a vehicle trajectory from the measured
ranges of the General Dynamics RMH/MTTS system at MacGreaor Ranae is described.
The 1imits on the starting solution are presented for the case of perfect
measurements and the effect of measurement errors on the vehicle position

error is presented for a wide variety of geometries.

LEAST SNUARES ALGORITHM FOR MULTILATERATION

The nonlinear least squares algorithm for multilateration must minimize

M
N - v 2
fx) =12 ] (R-f.(x)
o=1
where x is the position vector with coordinates (x, y, z) in some reference

coordinate system. R0 is the range measured by the ath measurement site and

v) = - 2 - 2 - 2
f (x) »@xu) +(yyg)* + (z-2)
where (xu, Yo za) are the coordinates of the measuring site in the reference
coordinate system.
Suppose f(x) is approximated in the neighborhood of io by a quadratic,
- - Ti= vs= = = = = ovg= =
f(X) ~ f(xo) +F (xo)(x-xo) +1/2 (x-xo)H(xo)(x-xo)
where F{o) is the gradient vector of f(:), and H(-) is the Hessian matrix.
Setting the derivative of f(-) in (1) to zero,
F(x) = F(xo) + H(xo)(x-xo) =0
solving for x gives
- . -y = -
X x°+H (XO)F(fo)
provided H™' (-) exists. The resulting f(X) is
Y\ - - T ,=- -l,= -
f(x) f(xo)-1/2_F (x M (X )F(x,)
From (14 it is apparent that if H(io) is positive definite, f(§)<f(§0). This

is the standard result for minimization by Hewton iteration. If the Hessian

e ST C SRR

(1)

1
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of the function being minimized is positive definite, a sufficiently small step
in the Newton direction will always result in a decrease of the objective func-

tion. In terms of the measurement functions the gradient vector is

M
F(x) = -az] FLOR-F (X)), (15}

where F_(x) is the gradient vector of f_(x)

] X=X
o
Fo(®) = Mxex )T+ (y=y )7 + (z-2)? Y-Yqo (10)
2-2
a

The Hessian matrix H(X) is given by

M
HX) = (FL (F](R)-H (R (R -F (X)), (17)
where
H(R) = V8 (R) Ty + (16, () (Rk ) (Rek )T (12)

If a Newton iteration is used to solve the multilateration problem, the Hessian
may often not be positive definite so that the objective function may increase
at some steps and the direction of the iteration may go astray. How then should
we proceed at a point where the Hessian is not positive definite? Even if the
Hessian is positive definite so that the Newton direction is a descent direction,
the least squares Newton step may not result in a decrease of the sum of squares.
Thus, we have two problems to solve in applying the Newton method to the multi-
Jateration problem:

(1) Replace the Hessian matrix with a matrix H(X) which is guaranteed positive
definite and a reasonable approximation to the Hessian.

(2) After obtaining an appropriate H matrix, choose a step length o in the Newton

direction which results in a decrease in the sum of squares.
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THE GILL-MURRAY HESSIAN MODIFICATION

In order to insure that the K matrix used in the Newton iteration is positive
definite, Gi1l and Murray [Z] suggested a method for modification of the Hessian
based on an LDTT factorization of the Hessian. The following is a summary ofv

the Gill-Murray modification.

If the Hessian H is positive definite, then

=l (15)
where L is unit lower triangular and D is diagonal with Di>o. When in com-

putino the L-D factors of the Hessian we encounter a Di<o, modify H so that -
H=H+E (22)
so that H will be positive definite and H = EBET, 6i>°’ E is diagonal. The

elements of E are chosen to satisfy three requirements;

(1) A1l elements of EE]/Z

are bounded above by a chosen value 8;

{2) A1l elements of D are bounded below by a chosen value E, and;

(3) H = Hwhen H is positive definite and sufficiently well conditioned. Thus,

we have to specify the parameters B and £. £ is chosen to be

§ = max {m|[H]], m} (21)
where Me is near the smallest floating point number representable by the com-

puter being used and

K1} = {iZJ_Hij’}”‘ (22)

E choice of & which will satisfy the requirements is

Sz = max {T]/3’ ng me}’ . (23)

where

T, ® max{lHjjl}, (24)
j=1,2

and

«




Then define

ty = max{lckjl}
K>J

The elements of D are defined as

£ if E2max {ijl, tjzlsz}

2402 3£ ¢+ 2yp2
tj /B if tj /8%> max {E.lel}

thus, the elements of E are

- 1 2 2
E-y; Tt £2 max {lel,tj /8%}

2/02_y . 3 2402 .
t57/8%-y5 it t;3/y*2 max {s,Ile}

Thus, we have the mechanism to specify a modified Newton direction which is a

descent direction.

direction.

CHOICE OF STEP LENGTH

B = 3 2 2
D; lwsl iF Juglz max {g,t42/8%)

= -t 2 2
E. lel Y3 it [wjlz max {E,tj /8%}

We must now specify the length of the step to take in this

Having determined the direction &,

(29)

(30)

(31)




H(X,)d = F(x)
along which we will move to obtain a decrease in tne sum of squares, we must
determine the lencth of the step a to take in this direction

X = xo + uc-i

7 value of o=1 corresponds to takinc the full least sauares step along d. Ve
employ the followino strateqy. Let the sum of squares f along the direction ¢
be parameterized by the scalar variable a. Thus, we denote

fla) = f(k, + ad)

and the derivative f'(a) by

£'(a) = FI(X, + ad)d

Since d is a descent direction, f'(0) = F'(x )d<o. If f(1)<f(0) and f'(1)<D,
we move the whole least squares step, a=1, so that

X = io +d

1f f(1)<f(o) and f'(1)>0, we choose a in the interval [0,1] by cubic inter-

polation. In this case
-1 £ (1) + a-b

a=t = - 0) + 2a

where

a = (b2-F (1) (0))1/2

b= 3(f(0)-F(1)) + £ (0) + £ (1)

This value for o minimizes f(a) on the interval [0,1] assuming that f(a) is a
cubic on this interval. If f(1)>f(0), we halve the interval considered and
repeat the above strategy including the cubic interpolation on the interval
[0,1/2].

CONVERGENCE CRITERIA

The Newton iteration is considered to have converged when

(49 ]
(&3]
S




} - | i= (4::
Lxg xoil < 51(‘xoil+52)' i=1,2,3
for three consecutive iterations. The constants used are c1=10'“and 52=70-3-
It is possitle that the iteration described above will converge to a point
io for which F(io)=0 but H(io) is not positive definite. This situation is
detected vhen |! E !]>e. Gi11 and Murrav [Z] sugoest that i€ this situation
is encountered the iteration be continued in the followina sequence. Solve,
=T
L' y= e (£1)
where ej is a unit vector such that f
wj-Ej = min oy -f, (e2) i
k=1,3

Then choose the cdirection for search as -
g = {-sian(y F(x )y, if o<|[F(x )||<e .

= 0 . ) (22)

y . 1F |[F(x )] ]=0 ; 1

APPLICATIC TO THE RNS/MTTS SYSTENM
The current configuration of the General Oynamics RMS/ITTS system located at
JlacGregor Range consists of eight range measuring receivers. The geometry of
tie receiver locations is given in the Fig 1. Ve will consider the convergence ﬁ

limits and position errors of the nonlinear least squares algorithm for target

x,v positions within the field specified by the Timits displayed in Fig. 1 ar:

for target z values of z = 100, 200, 300, 500, 700G, 1000, 1500, 2000, 3000, 5000

ft. The reference coordinate system for this description has the x, y plane tan-

gent to the 1866 Clarke spheroid at C-station with x is positive East, y is pos-

P At 1 <o

itive North, and z is perpendicular to the x, y plane and positive upward. For
purpose of evaluation we divide the field of Fig. 1 into cells by dividing both

the x and y Timits into ten equal intervals. Thus, we will evaluate the conver-

gence limits and errors at 121 x, y grid points.

o
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Ve first consider the 1imits on the startinc value of the z-coordinate of target
position. Suppose we have exact meesurements of the ranoe fror each of the eight
rance measuring sites to the tarcet. Ve obtain a startine solution Xar Yoo zo,
for the nonlinear least squares algorithm by assurinc a 2, close to the true 2
value and estimatinc Xor Yoo using the linear least sauares alaorithr described
in the introduction with z = z,. Thus, we are using the linear least squares
method in two dimensions. At each grid point on the field the nonlinear least
cquares algorithm will converge to a stronc local minimum and if z, is close
enough to the true z value this stronc local minimum will be the true value of
tne target position. The limits on the starting z value for the algorithm to
convergs to the true target position when presented with exact range measure-
rments are summarized in the following table. ézu denotes the limit on how far
coove the true solution that z, can be and 23 denotes how far below the true
solution that z, can be. The notation (a, b) in the table indicates that the

limit is somewhere between a and b and the notation >a indicates that the lirit

is greater than a.

z (ft) 82, (1) 82, (¢
100 (100,150) (> 200)
200 (150,200) (250,300)
300 (200,250) (150,200)
500 (300,250) (150,200)
700 (200,250) (150,200)
1000 (0, 50) (200,250)
1500 (150,200) > 800

2000 (400,500) > 3000
3000 > 1000 > 3000

5000 > 3000 > 5000
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Tue lirits on tue startince z solution given in the table are vased on tihe con-
vergence at all 121 (x, y) grid points of the field. The limits on z, for some
(x, y) grid points may be much greater than the limits in the table. More de-
tailed information on the converaence at each individual gricd point is given in
the preceedinc tables. Each table entry gives the error between the converged

z solution and the true z solution. The headinag for each table is the true z

solution and the startinc solution z, The errors in the table which are non-

Zero are due to the convergence of the algorithm to a local minimum vhich is not

the true z-value.

ESTIMATICN ERROR DUE TC TRUNCATION

After correcting the measured MTTS ranges for lags and refraction, one of the
most important errors remaining in the data is the two meter truncation error.
This truncation error may be magnified many times by geometric factors as wil)

be seen. This truncation error is a basic limitation of the MTTS instrumenta-
tion system. We evaluate the position error caused by the truncation at each of
the 121 (x, y) grid points previously selected for each of the z-coordinates,

z = 100, 200, 300, 500, 700, 1000, 1500, 2000, 3000, 5000 ft. The results are
presented in the following tables. For each altitude a pair of error tables is
given. The first error table is the error in the estimated z-coordinate for
each of the 121 grid points in the field. The second error table gives the error
in the estimated ground range, i.e., the square root of the sum of squared errors
in the estimated x and y coordinates. The errors in both tables are given in
feet. The z-coordinate estimation errors are summarized in Fic. 2 which plots
the z estimation error averuged over the 121 (x, y) arid pcints, the minimum
estimation error for these orid points, and the maximum estimation error for
these grid points as a function of z. It is possible to improve the estimation

errors due to the truncation by making a simple correction to the measurec ranges.
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z = 100 2r truncation
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7.4 5.3 3.3 1.6 3.2 2.8 4.8 3.4 2.5 3.0 4.3
3.2 5.5 3.3 6.2 3.4 4.5 2.3 4.4 4.8 3.2 4.0
3.7 3.4 5.5 7.7 3.5 3.3 4.5 30 3.6 3.0 6.0
2.6 4.3 6.4 7.6 3.6 5.5 3.6 4.4 5.2 4.3 5.3

Yy 8.2 .7 5.0 6.8 9.4 6.1 4.7 4.8 3.8 4,5 3.8
5.0 1.9 5.0 7.1 15.5 8.2 3.2 4.9 4.9 4.6 3.2
5.4 2.4 2.7 4.0 8.6 7.6 5.9 4.4 3.5 5.0 2.9

l =b3. =9n-._
q40)e 109

;6 61 2.3 3.4 38 82 68 48 48 5.3 3.2
7.3 6.0 4.2 1.4 31 83 87 81 55 4.2 8,7
£33 7.5 41 30 39 50 6.9 6.7 1.0 2.8 3.8
50 5.0 5.4 4.9 1.7 52 23 45 45 48 2.5
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1.8 7.0 3.0 3.0 4.1 2.2
‘ 52 34 39 81 54 4.4
3.0 3.4 6.6 3.2 5.3 3.6
l 2.6 4.3 6.4 7 5.5 6.1
l % 6.2 .7 3.9 6.9 9.4 8.5
Y 57 7 256 72 1.3 5.9
l 4.5 3.2 3.4 4.0 8.6 6.9
5.4 6.1 3.0 3.4 2.8 5.3
l 71 106 4.2 1.4 3% 6.4
6.4 . 4,2 1.2 3.9 3.9 4.0
4.6 5.0 3.4 3.8 3.8 4.3
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If half of the truncation error is added to each of the measured ranges, the
expected value of the measurement errors will be reduced to zero under reason-
able assumptions. We call this correction a granularity correction. The
granularity correction for the RMS/MTTS system is one meter. The z-coordinate
estimation error in the presence of a two meter truncation error and a one

meter granularity correction is summarized in fig. 3 where the average, minimum,
and maximum errors over the (x, y) grid points are plotted as a unction of z.
Comparison of figs. 2 and 3 show a significant improvement in the averace estima-

tion error when the granularity correction is applied to the measured rances.

CONCLUSIONS AND FUTURE STUDIES

A globally convergent modified Newton methad for multilateration has been pre-
sented. This algorithm was applied to the evaluation of the RMS/MTTS measure-
ment system at lacGregor Range.

The preceeding tables and plots show some severe limitations to the use of the
RMS/MTTS system at MacGregor Rance. At low altitudes, even in the absence of
any range measurement errors, a good nominal value of the z-coordinate of the
trajectory must be available in order that the trajectory solution converge to
the true z-solution. The MTTS range measurements have a two meter resolution.
The effect of this two meter resolution on the MTTS Cartesian position solution
was evaluated for a variety of z-coordinates and around positions. The results
of this evaluaticn show that the error in the qround plane position estirates
caused by the truncation error to be acceptably small for all alticudes. How-
ever, at low altitudes the error in estimated z-coordinate is often unaccept-
ably iarge, even when a perfect nominal z-value was used to start the solution.
It was demonstrated how a correction could be applied to the range measurements

to reduce the average error in the 2z-coordinate caused by the truncation error.
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At higher altitudes, say above 3000 ft., the error in the estimate of the z-
component of position 1s of a more acceptable magnitude and the modified 'lewton
algorithm converges to the true z-solution in the absence of measurerent error
from a wide range of starting z-values.

The tables presented above support the conclusion that the error in the esti-
mated ground plane position is acceptable at any z-value. Thus, the MTTS sys-
tem offers a highly desirable measurina system for estimatinc the trajectory of
ground targets, especially if a terrain map table look up is used to obtain the
z-position from the estimated x, y position estimates. The conclusfon that the
MITS is attractive for astimating trajectories for around tarcets has been sup-
ported by comparing MTTS estimated position with positions of ~round tarcets
obtained from the ALTS laser trackar.

It has been sugqested that the use of one or more airborne A-station receivers
enhances the estimated z-component of position, especially at low altitudes.

lie have found this conclusion to be correct when using the modified Newton
algorithm. The enhancement of the position estimates from the RNS/MTTS at
MacGregor Range provided by using airborne A-stations is the subject of a forth-
coming report.

[t is also reasonable to suggest that the position estimate errors mirht be
recuced Oy using a position estimation algorithm which in a sense averages over
several x, y coordinates while astimating a constant z-position. Altiougnh the
computation time using such an algorithm would De sianificantly greater, this
increase miqght be justified by the reduced estimation errors. The use of such

an algorithm will be investigated.
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